Classical Mechanics (1)

Axiom1.1 (Newtonian Formalism)

Suppose there are N particles, such that their masses, position at time t

t i 1

o ,velocity at time

oare given by LUFY g 1Y g for i=1,...N respectively. Suppose the force between them

are given by Fi =Fi (6 =T or Vi, j=1...N sych that they satisfies

{FU _F,
=r)>F =0 (iyand (1.1.2)

N
Then Ir (t)}izlfor all time t can be determined by

mirij (t) = iFu
= (1.13)

Def 1.2 (Definition of Rigid Body)

N

Ar, =0
£ FA% for i=1,...N; j=1,2,3 such that ; J

for j=1,2,3 and for any instance, there exist ,0,¥, R sych that the positions of those
particles can be given by

Particles i=1,...,N form a rigid body i

r, = R(t) + Ar; (t) (1.2.1)

where

AR(D =Y. Are, 0

....... (1.2.2)
e, cosy siny 0fcosd O —sin@| cosg sing O]e,
e, |=|-siny cosy O 0 1 0 —sing cosg Ofe,
e, 0 0 1fsind 0 cosd 0 0 1fe,

Def 1.3 (Angular Momentum)




The total angular momentum of i=/, ..., N particles w.r.t. a fixed point r is given by
N

L, = Zmi (r; (1) —r)xr,(t)
i=1

Thm 1.4 (Conservation of Angular Momentum)

Suppose there are i=1,...,N particles which are isolated from the rest of the world. Then
for any fixed point r,

=0
Proof:

By application of (1.1.1) and (1.1.2). Detail refer to “Snow Mountain Book” 9-10-94

Thm 1.5

Suppose particles i=1,...,N formed a rigid body. Let r be a fixed point. Then the relation
of the total angular momentum of these N particles w.r.t. point r and R are related by:

Lr =(R—I’)XMR+LR (1.5.1)

M=)>m,

where = (1.5.2)

R can be referred to Def 1.2.

Thm 1.6

Suppose particles i=1,...,N form a rigid body. Define

N

P, = Z M, Ar; A,

i=1 forjk=123 ... (1.5.3)
|11 |12 |13 Pzz + P33 - le - P31
|21 |22 |23 = - I312 P11 + P33 - P32
Define |31 |32 |33 B P13 B P23 P“ + P22 ....... (1.5.4)



1 3
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Define <=2 . (1.5.5)
where &1:€2:€3can be referred to Def 1.2.
3
Write = (1.5.6)
3
Le =D Lie;
and = (1.5.7)
L PR PR PP (O
Ly j=|lu 1 lyp|o
L I I I, | @
then 3 a te dwf %) (1.5.8)
On the other hand, it can be proven that
Al =@ xAr, for Vi, . (1.5.9)
where we recall here 2Fiis defined in (1.2.2).
Thm 1.7
Pll PlZ P13
P=|P, P, Py
Write P Py Py (1700)

Since P is self-adjoint, 3A, a 3x3 unitary matrix such that A"PA is diagonal. Define
e;,e5,e

!

3by

el e1
' -1

e, |[=A"e,
!

eS e3



Pp P, P5
P'= Pz'l P2’2 P2’3
and Po P P (1.7.3)

N

! ’ ’

ij = § ,miArijArik
=)

where (1.7.4)
3 3
D Are) = Are,
j=L = (1.7.5)
Then P'=A'PA . (1.7.6)
Proof:
e e e
[Ari,l Ari'z Ari’3 e'2 :[Aril Ariz Ari3] €, —[Aru Ariz Ari3]A e,z
Since € €5 € ,
:[Ari;. Ari,Z Ari;]:[Aril Ari2 Ari3]A
3 Ar} 3 Ary
:>Zmi Ar, [Ar; A, Ari;]:zmiAT Ar, A, Ar,  Arg]A
i=L , i-1
Ar, Ar,,
=P=ATPA
Thm 1.8

Recall particles i=1,...,N form a rigid body. Let for every particle i, there is a external

force I:imacting on it. Then
. N ext
MR:%:E (18.1)
Ill IlZ IlS
I=1, 1y, Iy
Write T (1.8.2)



=0 I, O
. 0O 0 |
Suppose | can be given by el (1.8.3)
i t
=) Ar,xF*
Define = (1.8.4)
3
r=>Te,
Write =1 eren(1.8.5)

Then we have the Euler’s equation of motion:

Iy, + 0,0, (15 —1,,) =T,
l,0, + @0, (l; —15) =T,

|0, + 0,0,(1,, — 1) =T
Proof: Refer to Snow Mountain Book Classcial Mechanics 27-12-94.
Def 1.9
The total kinetic energy of particles i=1,...,N is defined by
N
KE. =)
i=1

m; [0 °

N

Thm 1.10

Suppose particles i=1,...,N form a rigid body. Then the total kinetic energy of these
particles can be given by

(KE) total — (KE) translational + (KE) rotational (11()1)

1 .
(K'E')translational =—-M | R |2

where 2 (1.10.2)

1 2 2 2
(KE.), gtational = E(Illa)l + 1,0, +,00)+ 1,00, + | ;0,0;, + | 0,0, (1.10.3)



Definition R, M should be referred to Def 1.2; “1'®2:@sshould be referred to (1.5.5); ljj
for i,j=1,2,3 should be referred to (1.5.4).

Thm 1.11 (Lagrangian Formulation)

With reference to Axiom 1.1, suppose 3 Uij(r) for i,j=1,...,N such that Uij(r)=Uji(r) for
Vi,j and Fij can be expressed as
g Ydn-n D
1
o (1.11.1)

for Vi,j. Then define the total potential energy:

1 N
\ :_Zuij(lri - )
2i,j:1

T (1.11.2)

Let us write the total kinetic energy defined in Def 1.9 as T, i.e.,

T —ilm |F
=2 (1.11.3)
Suppose now there exist a set of coordinates, Or»e-- i, , Where No <3N such that the

positions of those particles at any time can be expressed in terms of these coordinates, i.e.
=" (ql""’qu ) for i=1,...,N. Define the Lagrangian of the system:

L=T-v . (1.11.4)

Gy Oy

Suppose now these a coordinates are subjected to p constraint ( p<N, ), i.e.

Bo@ 9 0=0 forp=r..p L (1.11.5)

Then it can be proven that 34O for k=1, ...,p such that

d oL, oL of
a(a—.)—a—JfZﬁk (t)a—k =0
4; ;) @ 9 forj=1,..Ng  ......... (1.11.6)

Thm 1.16 (Hamiltonian Formulation)




Define canonical momentum

_ o
N fori=1,..N ... (1.16.1)

i
Define Hamiltonian function

H s Py Gree ey N,t = .i i —L
B ){‘Zﬂ:qp} ...... (1.16.2)

By expand dH in R.H.S.:

a
aq;

oy , 3 oL .4 oL

dH :{Z qidpi + pidqi}_{za_dqi + dqi}__dt
i-1 i-1 O0; ot

N oL oL oL

=2 {ddp +—_—dd ———dg ——

; aq; aq; oG,

L Gt
ot

oL
dg}-—dt
43—

= Z{qidpi - pidqi}_

and in L.H.S.:

N oH . oH oH
dH =) {—dp +—dg}+—dt
_Z_l‘,{api Pt a3+

and compare the two side, we have

. oH . OH
P = i~

oG and P, fori=1,...N

(1.16.3)



